To solve the self-alignment problem of the Strapdown Inertial Navigation System (SINS), a novel adaptive filter based on Complementary Ensemble Empirical Mode Decomposition (CEEMD) is proposed. The Gravitational Apparent Motion (GAM) is used in the coarse alignment, and the problem of obtaining the attitude matrix between the body frame and the navigation frame is attributed to obtaining the matrix between the initial body frame and the current navigation frame using two gravitational apparent motion vectors at different moments. However, the accuracy and time of this alignment method always suffer from the measurement noise of sensors. Thus, a novel adaptive filter based on CEEMD using an l 2 -norm to calculate the similarity measure between the Probability Density Function (PDF) of each Intrinsic Mode Function (IMF) and the original signal is proposed to denoise the measurements of the accelerometer. Furthermore, the advantage of this filter is verified by comparing with other conventional denoising methods, such as PDF-based EMD (EMD-PDF) and the Finite Impulse Response (FIR) digital low-pass filter method. The results of the simulation and experiments indicate that the proposed method performs better than the conventional methods in both alignment time and alignment accuracy.
Introduction
The Strapdown Inertial Navigation System (SINS) has been applied in various fields and developed rapidly because of its independence and accuracy [1] [2] [3] [4] [5] . The self-alignment, as the basis of SINS, is required to obtain the initial attitude accurately and quickly only by utilizing the measurements from the Inertial Measurement Unit (IMU). Unfortunately, due to the harsh environments and measurement interference, achieving high precision initial alignment within a short time is a great challenge.
Normally, the self-alignment process contains two consecutive phases: coarse alignment and fine alignment [4, 6] . The main purpose of coarse alignment is to calculate the rough attitude angles rapidly followed by the Kalman filter-based fine alignment. The precision of coarse alignment determines the accuracy and time of fine alignment. The classical static and quasi-static bases alignment methods can achieve satisfactory results, but they cannot be used for a swaying base due to the disturbance of waves, and so on.
Inspired by the new alignment algorithm of xSea Company, several Gravitational Apparent Motion (GAM)-based coarse alignment methods have been proposed [4, [7] [8] [9] . The alignment problem is converted from determining the attitude matrix between the body frame and the navigation frame to determining the matrix between the body inertial frame and the navigation inertial frame by the GAM-based alignment method. It has been proven that the GAM-based alignment method has the same theoretical alignment accuracy as the conventional methods [7, 8] . In practical applications,
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Due to the complicated marine environment, it is difficult to separate the Earth rate from the measured angular rate badly disturbed by the swaying conditions [7, 8, 10] . In order to determine the attitude matrix C n b (t) between the body frame and the navigation frame, it can be decomposed into two parts according to the matrix chain multiplication:
in which n and b denote the navigation frame and the body frame, respectively; i b0 is defined as the inertial frame non-rotating relative to the inertial space, which is fixed with the body frame at time instant t = t(0); C i b0 b (t) is the attitude matrix between the initial body frame and the present body frame, which can be updated by Equation (2) .
whereω b i b0 b × denotes the angular rate measured by the gyroscope. From the above analysis, it can be concluded that the key point of obtaining C n b (t) is the calculation of C n i b0
(t) in Equation (1) . According to [6, 7] , the trajectory of the gravity vector at a fixed point rotating with the Earth is regarded as GAM. As shown in Figure 1a , A and B represent the same point on the Earth at time t A and current time t B in the inertial frame, and g A and g B are non-collinear gravity vectors of A and B, respectively. After the rotation of the gravity vector in the Earth cycle, a cone with the geocentric vertex can be formed. In this paper, East-North-Up (ENU) and right-forward-up are selected as frame n and frame b, respectively. According to Figure 1a , the theoretical measurement of the accelerometer is the projection of the gravity vector in body frame b without translational motion of the carrier, and two vectors are in opposite directions as follows:
where f b (t) denotes the theoretical measurement of the accelerometer. In practice, the acceleration, f b (t), measured by the accelerometer contains f b (t) and measurement errors. The projection off b (t) in the initial inertial frame i b0 is as follows:
According to the geometric relationship in Figure 1 , Equation (5) can be obtained.
in which E AB is defined as the unit east vector at the middle point O AB between A and B. In Figure 1b , the navigation frame of point B is composed of E, N, and U, which are the east vector, north vector and up vector, respectively. They can be denoted as follows:
where ω ie is the Earth rate. According to the above vectors, the C n i b0
(t B ) can be constructed as follows:
According to Equations (1)- (7), the initial alignment for SINS can be accomplished. It has been deduced that the highest theoretical alignment accuracy of this method can be determined as [8] :
where E E denotes the gyroscope error in the east; ∇ N and ∇ E are the equivalent accelerometer errors in the north and east, respectively. 
Simulation
The mooring condition was taken as the simulation environment, and the linear acceleration caused by the surge and sway of the carrier was ignored. The data of acceleration and angular rate were generated by a swaying SINS simulator, and the parameters of the gyroscope and accelerometer are shown in Table 1 . In the simulation, the local latitude and the sampling rate respectively were 45.777 • and 100 Hz. The initial attitude between the b-frame and n-frame was set as pitch(0) = 10 • , roll(0) = 0 • , and yaw(0) = 40 • , respectively. The swing parameters of the attitude are as follows: The vectors of the current moment and the previous moment were selected as the corresponding GAM vectors in the alignment solution. The update frequency of the alignment solution was 100 Hz. Considering the requirement of rapidity in coarse alignment, the alignment process took 250 s. The alignment errors of the above method are shown in Figure 2 , and the corresponding Standard Deviation (STD) and means of the alignment errors in last the 10 s are shown in Table 2 . According to Equation (8) and Table 1 , the errors of the above alignment method caused by IMU biases were about (−0.006 • , 0.006 • , −0.06 • ). The curves in Figure 2 indicate that the horizontal errors can approach the theoretical accuracy within 250 s, while the azimuth error cannot satisfy this. As shown in Figure 2 , the curve of the yaw error remains oscillatory, which means that the error will not converge with the increasing of the alignment time. There are two main reasons for the alignment failure when analyzing the alignment process of the above methods. One reason is the GAM vectors become approximate collinear due to the existence of noise. The other reason is the random noise makes it difficult to obtain real GAM from the measured data.
Improved Method Based on CEEMD
To solve the problems in Section 2, the works in [11, 12] adopted the low-pass digital filter method and the RWD method, respectively. Considering the signal characteristics of the IMU, an improved CEEMD-based method is proposed in this paper. The significant differences of the proposed method compared to the filtering methods mentioned in [9, 11] are that it is adaptive and it does not require any prior information.
A Brief Review of the CEEMD Method
The EMD-based denoising method can decompose the original signal into several IMFs and a residue adaptively based on the intrinsic characteristics of the signal. Therefore, the EMD-based denoising method has been adopted as an effective method for dealing with the nonlinear and the non-stationary signals [21] . As EMD proved to be, it still leaves the problems of mode mixing and end effect unresolved. To solve the phenomenon of mode mixing and the end effect in the original EMD, EEMD was proposed in [14] . The main strategy of EEMD is that the intrinsic local oscillations can be filtered adaptively to proper scales via the natural filter bank of EMD by adding uniformly-distributed white noise. Practically, however, the residue noise caused by the the added white noise in the signal reconstruction cannot be eliminated by the limited number of ensembles. In other words, the added noise would inevitably bring new errors to the IMFs derived from EEMD. CEEMD is an optimization method of EEMD, which can overcome the drawbacks mentioned above by using each noise in pairs with plus and minus signs. Therefore, the signal composed of the original signal and added white noise can be expressed as:
in which y 1 and y 2 denote the sum of the original data with positive noise and negative noise, respectively; x is the original data; w is the added white noise. For given original data x(t), the procedure of CEEMD can be described as follows:
1. Generate reconstructed y according to Equation (10).
2. Decompose completely y 1 and y 2 by EMD, obtaining I MF i (+) and I MF i (−) (i = 1, . . . , I) derived from y 1 and y 2 , respectively, where i is the number of IMFs. 3. Compute the i th mode of x(t) by averaging the corresponding modes:
The original signal is eventually decomposed into multiple IMFs and residual signal r I by CEEMD:
This scheme has an obvious suppression effect on noise in the reconstructed signal, which will be verified later. Similar to EMD, CEEMD is a data-driven adaptive decomposition approach, which is a sifting process based on the local time scale. In order to ensure that each IMF has physical meaning, the fixed sifting number in this paper is set to 12 according to [23] .
Improved CEEMD Denoising Method Based on the l 2 -Norm Measure between the PDFs
For a noiseless signal z(t) contaminated by an additive noise n(t):
The purpose of CEEMD as a filter is essentially obtaining a reconstructed and denoised signal x(t) based on relevant modes. The selection of the effective mode is an open question, which has a decisive influence on the denoising effect of the original signal. The relevant modes can be selected by a given standard that differentiates the modes carrying potential information relevant to the main structures of the original signal. The reconstructed and denoised signal is given by:
where k th denotes the order of partial reconstruction. One method to determine k th is to calculate the correlation coefficient between the residual of each mode and the original signal. The order of the mode removed from the original signal is defined as:
The residual of each mode can be expressed as:
The correlation coefficient between x(t) and r l (t) is as follows:
where N is the length of data. In order to determine k th , a threshold M should be determined based on the prior information. According to the analysis in [17] , Equation (16) can be obtained.
where ρ(i) denotes the correlation coefficient between each I MF i and x(t); u th represents the threshold of the uncorrelated IMFs. In this section, the threshold M is determined by u th is 0.75. The k th can be obtained by Equation (17) .
in which " f irst" means the first value less than M in set {ρ ( Inspired by [21] , the selection of k th can be tackled by the similarity measure between the PDF of the original signal and each IMF instead of the correlation coefficient. On the basis of Bayesian interpretation, a PDF contains complete information about the signals of interest, rather than merely the oscillation amplitude. The characteristics of PDF make it possible to identify the IMFs dominantly carrying the features of x(t) by a PDF similarity measure. The information-theoretic measures and the metrics-based measures are the two main categories of the similarity measure. It has been proven that geometric similarity measurement based on the l 2 -norm has the best effect in [22] .
For given original data x(t) and the result of decomposition by CEEMD I MF 1 , . . . , I MF I , the l 2 -norm is defined by:
where p i and P are the PDFs of I MF i and x(t) obtained by the kernel density estimator. The similarity measure between p i and P by the l 2 -norm can be expressed as:
where "dist" stands for the distance between two PDFs according to Equation (18) . The order of partial reconstruction, k th , can be described as follows:
in which " f irst" means the first order that the distance starts to be smaller than that of the previous order.
To compare the performances of CEEMD-COR, the conventional EMD-PDF, and the proposed CEEMD-l 2 PDF-based method, an MC simulation was performed with the same simulation parameters. The SNR and the Normalized Percent Mean Square Error (NPMSE) were adopted as the measurements of the noise-reducing efficiency [23] . Figure 4a ,b shows the comparison of SNR and NPMSE after denoising, respectively. As shown in Figure 4 , EMD-PDF and CEEMD-l 2 PDF performed similarly, but CEEMD-l 2 PDF showed a better denoising effect than the other two methods with various noise signals. For 8-dB SNR and 10-dB SNR noise signals, the gain of CEEMD-COR was almost equal to that of CEEMD-l 2 PDF, while CEEMD-COR behaved markedly worse than EMD-PDF and CEEMD-l 2 PDF at other SNR levels. Figure 5 intuitively shows the denoising results of these methods on −2-dB and 4-dB SNR signals in the simulations, respectively. In Figures 4 and 5 , the same conclusions can be drawn that CEEMD-l 2 PDF shows the best robustness and superiority over CEEMD-COR and EMD-PDF on the reconstruction error and variance for signals measured by IMU. 
Simulation and Experiment Results
To evaluate the performances of the proposed SINS self-alignment based on CEEMD-l 2 PDF, the simulation and experiments on the swaying condition were carried out with the comparisons between EMD-PDF, the method of the Finite Impulse Response (FIR) digital low-pass filter proposed in [10] , the method of alignment based on the velocity vector, and the proposed method. The procedure of the proposed algorithm can be summarized as shown i Figure 6 . 
Simulation Results
The initial conditions and simulation environment were the same as those described in Section 2.2. To compare the filtering effect of EMD-PDF and CEEMD-l 2 PDF, the denoising results off b z for IMU measurement are plotted in Figure 7 . The corresponding alignment errors are shown in Figure 8 . The mean and Standard Deviation (STD) of alignment errors were adopted to evaluate the alignment effect during the final 10 s. Figure 7 shows that EMD-PDF and CEEMD-l 2 PDF had a similar filtering effect when denoising the same signal. However, the slight fluctuation of the original signal can be reflected in the reconstructed signal by CEEMD-l 2 PDF, which was not revealed in EMD-PDF. The curves in Figure 8 show that the horizontal attitude errors of all methods can achieve the theoretical accuracy within 250 s, while only the yaw errors of CEEMD-l 2 PDF reached the theoretical accuracy. The horizontal attitude errors of CEEMD-l 2 PDF, EMD-PDF, and the low-pass filter method had similar trends. In addition, CEEMD-l 2 PDF showed superiority over other methods, especially in convergence time. The alignment error of CEEMD-l 2 PDF converged to less than 2 • in about 46 s, while other methods reached 2 • in roughly 230 s. Compared with EMD-PDF, the yaw error based on CEEMD-l 2 PDF is reduced by 80.7% in Table 3 , which greatly improved the accuracy of coarse alignment. According to Figure 8 and Table 3 , it can be concluded that the coarse alignment under the swinging condition can be realized by the improved CEEMD-l 2 PDF denoising method. 
Turntable Test Result
The swaying experiment of the Fiber Optic Gyroscope (FOG)-based SINS on a tri-axial turntable is shown in Figure 9 . Table 4 shows the parameters of the self-developed high precision FOG-based SINS. The local latitude was 45.777 • .
To obtain the reference attitude, we firstly adopted the initial alignment of SINS on the static turntable for 30 min. After that, the turntable began to swing, followed by 250-s coarse alignment.
The attitude solution of SINS was regarded as an approximate reference attitude in the turntable test. The bias error of IMU in alignment error was eliminated because of the output of the SINS, which improved the alignment accuracy by the denoising method obviously. Figures 10 and 11 and Similar to the denoising results in simulation, Figure 10 shows a more significant filtering difference between CEEMD-l 2 PDF and EMD-PDF. The signal filtered by CEEMD-l 2 PDF reproduced two peaks of the original signal in about 25 s, but EMD-PDF could not implement it. This indicates that the proposed method can retain more perfect features of the original signal compared with EMD-PDF. Figure 11 . The alignment errors of low-pass, velocity vector, EMD-PDF, and CEEMD-l 2 PDF in the simulation. Since the yaw error was one order of magnitude larger than the horizontal error during the coarse alignment, the yaw error was mainly analyzed afterwards. As shown in Figure 11 , GAM-based alignment methods based on filtering have advantages in the horizontal alignment, which is consistent with the results of the simulation. However, the method based on the velocity vector showed a smoother and faster convergence than EMD-PDF and low-pass filter method in the azimuth alignment. It took 46 s for the yaw error of the velocity-based method to converge to 3 • , which is close to that of CEEMD-l 2 PDF (46 s). From Table 5 , it can be seen that the yaw error of the CEEMD-l 2 PDF method was reduced by 48.4% with respect to the velocity-based method. In addition, because the turntable center did not completely coincide with the SINS center, the existence of the lever arm would cause errors in the alignment results, such as the roll error caused by the acceleration of the lever arm effect in Table 5 . Actually, the lever arm error will be compensated by related algorithms. Figure 11 and Table 5 indicate that the CEEMD-l 2 PDF denoising method was helpful to improve the alignment errors in this turntable test.
Ship Mooring Experiment
The ship mooring experiment was carried out in South China Sea with two self-developed SINS used in the turntable test. As shown in Figure 12 , the GPS/SINS integrated navigation system was used as the attitude reference. The installation error was corrected through the inertial navigation The coarse alignment results and corresponding errors of different methods are presented in Figures 15  and 16 , respectively. The means and STDs of the alignment errors during the final 10 s are given in Table 6 . Figure 13 shows that EMD-PDF method and CEEMD-l 2 PDF method can still effectively eliminate most of the noise in practical applications. Moreover, the signals filtered by the two methods still had different features, which will directly influence the performance of coarse alignment. In Figure 15 , the velocity-based method had a smoother alignment process. However, when the ship was disturbed by wind or waves, the roll of the velocity-based method became more volatile than those of the other three methods.
It can be noticed that the alignment accuracy of the denoising methods in Figure 15 was greatly improved when compared with that in the turntable test, because the amplitude and frequency of the attitude fluctuation were much smaller than those of turntable test, which were mainly caused by the irregular interferences from waves. Because of the linear velocity caused by the ship's surge and sway, the velocity-based method was inferior to the other methods. In Figure 15 and Table 6 , the yaw error of CEEMD-l 2 PDF showed slightly smaller alignment errors and smaller variance than other methods. Compared with EMD-PDF, the mean and STD of CEEMD-l 2 PDF were improved by 41.3% and 91.5%, respectively. Figures 13 and 14 show that the whole coarse alignment can be divided into two stages: the stable alignment phase with little wave interference in the first 190 s and the interfered phase with significant wave-induced interference in the last 60 s. During the stable alignment, the yaw errors of low-pass filter method, velocity-based method, EMD-PDF, and CEEMD-l 2 PDF reached 2 • at 178 s, 27 s, 156 s, and 11 s, respectively. In the subsequent interfered alignment, the maximum fluctuation amplitudes of the yaw errors of these methods caused by wave disturbance were 3.849 • , 0.760 • , 2.411 • , and 0.253 • . After that, they converged to 0.348 • , 0.649 • , 0.227 • , and 0.027 • in 10 s, respectively. CEEMD-l 2 PDF had strong robustness to interference, while the EMD-PDF and low-pass methods showed obvious fluctuations. Thus, the improved GAM-based alignment algorithm using CEEMD-l 2 PDF would be more convenient for practical applications.
Conclusions
Aimed at the problem caused by noise influence in the conventional GAM-based alignment method, a novel denoising method combining the l 2 -norm with the similarity measure of the PDF based on CEEMD was proposed in this paper. Unlike previous methods, it filters the signals based on the intrinsic characteristics of the data by CEEMD. Moreover, the proposed CEEMD-l 2 PDF method can overcome the distortion of reconstructed signal caused by mode mixing and the end effect. In addition, it adaptively determined the effective IMFs using the similarity measurement between each IMF and the original signal calculated by the l 2 -norm without any prior information. The simulation and turntable test demonstrated the superiority of the proposed method in alignment time and accuracy. Furthermore, the ship mooring experiment indicated that the proposed method possessed better robustness and adaptability in the case of disturbance. Due to the computational complexity of the CEEMD algorithm, the application of the proposed method to real-time data processing needs further study. Although the proposed method had great improvement in alignment accuracy and anti-interference ability, its application in real-time data processing still needs further research. In addition, how to improve CEEMD-l 2 PDF to reduce the computational complexity brought by the CEEMD algorithm will be the focus of the follow-up work.
